As the fundamental and prerequisite work of remaining useful life (RUL) prediction, degradation modeling directly affects the accuracy of RUL prediction. Existing degradation models are all developed under a single time scale, and less research has been carried out to consider the impact of multiple time scales on the degradation model. Toward this end, we mainly study a nonlinear degradation modeling and RUL prediction method for nonlinear stochastic degraded equipment with bivariate time scales in this paper. Firstly, a nonlinear degradation model considering the influence of two time scales is constructed based on the diffusion process. At the same time, the relationship between the two scales is quantitatively characterized by random proportional coefficient. Then, the analytical expressions of the life and RUL for nonlinear degraded equipment are derived under the concept of first passage time (FPT). In order to realize the adaptive estimation of parameters, the model parameters estimation method based on maximum likelihood estimation (MLE) and Kalman filtering algorithm is developed in this paper. Finally, numerical simulation and the monitoring data of gyroscope verify the effectiveness and superiority of the proposed method. The experimental results show that the method proposed in this paper can effectively improve the accuracy of RUL prediction, and has a broad engineering application space. INDEX TERMS Bivariate time scales, diffusion process, nonlinear degradation, Kalman filtering, remaining useful life (RUL) prediction.
I. INTRODUCTION
Remaining useful life (RUL), as an important indicator for evaluating the normal working time of engineering equipment from the current moment, can provide the valuable information for safety analysis and maintenance decisionmaking [1] - [8] . Predicting the RUL accurately can not only effectively guarantee the completion rate of tasks conducted by the concerned equipment, but also effectively reduce maintenance costs. Hence, it can be served as the core requirement of modern industrial production, and has attracted the attention of engineering technicians and scholars [9] - [15] .
Among most of the RUL prediction methods, stochastic process-based methods have been widely studied because The associate editor coordinating the review of this manuscript and approving it for publication was Yu Wang . of their advantages in describing the randomness and uncertainty of degradation process. Accordingly, a series of theoretical results have been obtained [2] , [16] , [17] . The systematic review of stochastic process-based methods can be referred to [18] , pointing out that the typical representations include Wiener process-based methods, Gamma processbased methods, inverse Gaussian process-based methods, and etc. Zhai and Ye [19] adopted the adaptive Wiener process to predict the RUL of degraded products and considered that the drift coefficient follows a Wiener process, thus the flexibility for degradation modeling under dynamic environment can be improved. Li et al. [20] realized the accurate prediction of RUL by incorporating unit-to-unit variability based on the generalized form of age-and state-dependent Wiener process model. In the framework of Gamma process, Ling et al. [21] researched the problem of RUL prediction for a class of two-stage degraded equipment, and incorporated the probability distribution of the time when the degradation rate changes into the degradation model. Peng et al. [22] utilized inverse Gaussian process to construct the degradation model for equipment and proposed a generalized Bayesian framework to update model parameters.
Generally speaking, although time scale is a key factor required to be considered in the degradation modeling and RUL prediction, it is frequently neglected by researchers. Specifically, the abovementioned degradation models are implemented under a single time scale without considering the case of bivariate or multiple time scales. However, the engineering practice shows that degraded equipment with bivariate or multiple time scales is extremely common and the most typical one is the degraded equipment affected by natural age and working time. Moreover, it is difficult for existing single-time-scale degradation models to guarantee the accuracy of the RUL prediction of the stochastic degraded equipment with bivariate time scales. Consequently, it is necessary to carry out the relevant research on the basis of the characteristics of such equipment. In addition, different scales are dependent with each other, and there exists a certain relationship that cannot be described by definite functions, which brings challenges to the research on the degradation modeling and RUL prediction under bivariate time scales.
In view of the problem of RUL prediction for equipment with bivariate time scales, the relevant researches have been carried out successively. Singpurwalla and Wilson [23] developed a failure model indexed two time scales, which describes the relationship between the two time scales through an additive hazards model and applies the failure model to the maintenance decision-making. Duchesne and Lawless [24] studied how to construct an ideal time scale to solve the problem that time scale has been assumed to be selected in existing studies. On this basis, a failure time model was proposed. Lawless et al. [25] constructed a mathematical model to evaluate the dependence of age or usage scale on product reliability analysis and warranty claims. Park and Pham [26] constructed a maintenance decision model with bivariate time scales, which effectively reduced the expected cost of long-term operation by optimizing three decision variables. Ye et al. [27] considered the difference of usage rate among different consumers for a repairable product with two-dimensional warranty. The accelerated failure time model with multiple acceleration relationships was used to describe the impact of usage rate on the failure model, and the two-dimensional failure process was simplified to onedimensional failure process. All the above research results reveal that the research of RUL prediction considering the influence of bivariate time scales has practical demand and application value in engineering.
However, these failure models with bivariate time scales belong to the category of failure data based prediction models. Generally, RUL distribution needs to be deduced by the failure rate function. In addition, the important premise of estimating unknown model parameters is to obtain enough failure data. Due to the influence of many factors including economy and security in practice, it is quietly difficult to satisfy the preconditions [1] , [18] . With the advancement of monitoring technology, various sensors can be arranged according to actual demands to obtain a large number of monitoring data [28] , [29] . Nevertheless, the failure models with bivariate time scales mentioned above is difficult to determine the RUL distribution for the concerned equipment by modeling the monitoring data.
Constructing the stochastic degradation model under bivariate time scales is generally an effective tool to address the above problem. To the best of our knowledge, only the work in [30] involved the RUL distribution derivation from the point of degradation for equipment with bivariate time scales. However, it is obvious that this work exists the following shortcomings. On the one hand, it is only applicable for the linear degraded equipment or the nonlinear degraded equipment that can be converted into linear degradation process by specific transformation. On the other hand, it does not consider the unit-to-unit variability among the same batch of equipment. Additionally, the maximum likelihood estimation (MLE) is only utilized to estimate the degradation model parameters, which can result in the problems that the accuracy of RUL prediction cannot be guaranteed. Hence, it is urgent to research an adaptive RUL prediction method for nonlinear degraded equipment with bivariate time scales.
In this paper, a nonlinear degradation modeling and RUL prediction method is proposed for nonlinear stochastic degraded equipment with bivariate time scales. Firstly, a nonlinear degradation model considering the influence of two time scales is constructed based on the diffusion process. Meanwhile, the relationship between the two scales is quantitatively characterized by random proportional coefficient. Then, the analytical expressions of probability density function (PDF) of the life and RUL for nonlinear degraded equipment are derived under the concept of first passage time (FPT). In order to realize the adaptive estimation of parameters, we develop the model parameters estimation method based on maximum likelihood estimation (MLE) and Kalman filtering algorithm. Finally, numerical simulation and the monitoring data of gyroscope verify the effectiveness and superiority of the proposed method. Overall, the main contribution of this work is to investigate the RUL prediction for nonlinear stochastic degraded equipment with bivariate time scales.
The remaining parts of this paper are structured as follows. Section II describes the problem. Section III derives the PDFs of life and RUL with bivariate time scales. The unknown model parameters are estimated based on MLE and Kalman filtering algorithm in Section IV. Section V provides a numerical study and a practical case for gyroscope for verification. This paper is concluded in Section VI.
II. PROBLEM DESCRIPTION
In practical engineering, there generally exists a class of equipment with bivariate or multiple time scales. That is to VOLUME 7, 2019 say, the degradation level and health status of the equipment will be affected by two or multiple time scales. For example, the degradation degree of laser printer is related to the natural time, the number of printed papers; the reliability of automobile is related to the driving time and mileage; the degradation degree of aircraft landing gear is related to three different time scales including the total service time, the total working time and the number of experienced landing; the health status of inertial devices is related to the natural time and the total monitoring time [25] . It should be pointed out that according to the form of time scale, it can be divided into continuous time scale and discrete time scale. Typical continuous time scale includes the natural time of laser printer, the natural time and the total monitoring time of inertial device, etc. The discrete time scale includes the number of printed paper and the number of experienced landing. This paper focuses on the RUL prediction for the nonlinear degraded equipment under continuous bivariate time scales.
With the increasing complexity of engineering equipment, the degradation process exhibits the strong nonlinearity in performance. Since diffusion process can describe nonlinear degradation process in a generalized form, and have analytical distribution for the FPT, it has widely applied in many engineering fields, such as, batteries, bearings and gyroscope [31] - [33] . Thus, we adopt diffusion process to construct the nonlinear stochastic degradation modelling with bivariate time scales. Note that the nonlinear degradation modelling with bivariate time scales can be referred to that with single time scale.
It is assumed that X (t) represents the degradation level at time t for nonlinear degraded equipment with single time scale, which can be formulated as follows based on diffusion process [31] .
where, x 0 is the initial degradation level, λ 1 is a random variable with normal distribution to characterize the unit-tounit heterogeneity, i.e., λ 1 ∼ N µ λ 1 , σ 2 λ 1 .
t 0 µ (r, θ 1 )dr is the nonlinear function to describe the nonlinearity feature in the degradation process. According to [31] , the typical nonlinear function mainly includes the exponential form t 0 µ (r, θ 1 )dr = exp (θ 1 t) and the power function form t 0 µ (r, θ 1 )dr = t θ 1 . σ B represents the diffusion coefficient, and B (t) is the Standard Brownian Motion (SBM) to characterize the uncertainty over time. In general, the corresponding threshold is usually defined according to the specific performance indicators in the design stage so as to facilitate the assessment of the health status of equipment. When the performance indicator exceeds the preset threshold, the equipment cannot achieve the normal mission function, and then it can be considered that the equipment has failed. Therefore, it is generally that the life of equipment can be termed as the time when the performance indicator exceeds the preset threshold in industrial and academic fields.
where, w denotes the failure threshold specified by engineering experiences and industrial standards [32] . Similarly, according to the concept of FPT, the RUL L k at time t k can be represented as:
where, x k denotes the degradation level at time t k . The above definitions of life and RUL are suitable for the situation that the performance indicators exhibit a trend of overall increase. For the equipment with a trend of overall decrease in performance indicators, it can be transformed into the situation that the performance indicators show a trend of overall increase through mathematical processing. When considering that the degradation process is influenced by bivariate time scales, i.e., t and τ , the corresponding degradation model can be constructed based on the diffusion process, which can be formulated as:
where, x 0 is the initial degradation level, λ 1 and λ 2 are the independent random variables and satisfy λ 1 ∼ N µ λ 1 , σ 2 λ 1 and λ 2 ∼ N µ λ 2 , σ 2 λ 2 , which are utilized to characterize the unit-to-unit heterogeneity under different time scales. Considering the similarities and differences between the degradation model under bivariate time scales and that under single time scale, the life of nonlinear degraded equipment under bivariate time scales can be further defined as [30] :
where, τ = (t) is utilized to characterize the quantitative relation between the time scale t and the time scale τ . When these two time scales are uncorrelated, it is much easier to derive the distribution of life and RUL. We will mainly concentrate on the case that two time scales are related to each other in the paper. Similarly, the RUL [L k , k ] of nonlinear degraded equipment at bivariate scale time (t k , τ k ) can be also defined as [30] :
where, X (t k , τ k ) represents the degradation level at (t k , τ k ). According to the above defined modelling, the following problems need to be solved: 1) How to describe the stochastic relationship between two time scales and determine the theoretical expression of RUL distribution;
2) How to make full use of historical monitoring data to estimate the unknown model parameters offline;
3) How to update stochastic parameters online utilizing the real-time monitoring data.
III. PREDICTION OF LIFE AND RUL A. PREDICTION OF LIFE AND RUL WITH SINGLE TIME SCALE
Based on the definition of life and RUL defined in Eq.(2) and Eq. (3), the conditional PDFs of life and RUL for equipment can be written as follows on condition that λ 1 is given according to the conclusions in [31] .
When considering the stochastic nature of λ 1 , the law of total probability is adopted to obtain the PDFs of life and RUL. Because of the complex integrand function, the lemma in [31] can be introduced to calculate the PDFs of life and RUL.
B. PREDICTION OF LIFE AND RUL WITH BIVARIATE TIME SCALES
On the basis of the conditional probability formula, the PDFs of life and RUL with bivariate time scales defined in Eq. (5) and Eq. (6) can be formulated as:
where, f T | ,M 2 (t |τ, M 2 ) represents the conditional PDF of T on condition that τ is given, and f |M 2 (τ |M 2 ) represents the PDF of describing the stochastic relationship between the two time scales. f L k | k ,M 2 (l k |η k , M 2 ) represents the conditional PDF of L k on condition that η k is given, and f k |M 2 (η k |M 2 ) represents the PDF of k characterizing the stochastic relationship between the RULs under different time scales.
Firstly, we adopt the threshold conversion method to cal-
. Specifically, in the calculation process of life distribution, it can be considered that the time distribution that X (t, τ ) first reaches the fixed threshold w is equivalent to the time distribution that X (t) first reaches the stochastic thresholdw 1 , that is,
According to the basic characteristics of diffusion process, it can be observed thatw 1 follows a normal distribution on condition that λ 2 is given, i.e.,w 1 
Thus, when the stochastic nature of λ 1 , λ 2 andw 1 are not considered, the conditional PDF of life for equipment with bivariate time scales can be formulated as:
It is noted that the conditional PDF of RUL for equipment with bivariate time scales is not a simple substitution based on the conditional PDF of life and is provided by the following theorem.
Theorem 1: The conditional PDF of RUL at (t k , τ k ) for equipment with bivariate time scales can be formulated as:
. When considering the stochastic nature ofw 1 andw 2 , according to the law of total probability, the conditional PDFs of life and RUL under bivariate time scales can be written as, (13) and (14), as shown at the bottom of this page.
Eq. (13) and Eq. (14) can be easily obtained based on the lemma in [31] . In order to derive the life and RUL distribution considering the stochastic nature of λ 1 and λ 2 simultaneously, it is necessary to regard these two parameters as a parameter vector, that is λ = [λ 1 , λ 2 ] T . Since λ 1 and λ 2 follow the normal distribution respectively, parameter vector λ follows twodimensional normal distribution with mean µ λ and variance P λ . Thus, when considering the stochastic nature of λ 1 and λ 2 , according to the law of total probability, the conditional PDFs of life and RUL can be formulated on condition that the other time scale is given.
where, f (λ 1 , λ 2 ) represent the joint PDF of λ 1 and λ 2 . It is difficult to obtain the theoretical expressions by calculating Eq.(15) and Eq. (16) . Aimed at the problem, the following lemma is provided to calculate the expectation of the function to parameter vector. Lemma 1: The stochastic vector ρ follows a n-dimensional normal distribution with mean µ ρ and covariance ρ , and ρ is positive definite matrix. υ 1 , υ 2 and c are the given constant, and a, b are n-dimensional vector. The expectation of the function to parameter vector ρ can be represented as:
The proof can be referred to the work in [34] . Based on Lemma 1, the expectations in Eq. (15) and Eq.(16) can be further simplified as:
where,
Based on [30] , the stochastic proportionality coefficient is adopted to describe the quantitative relation between these two time scales, i.e.,
where, ξ can be regarded as the ratio of time scale τ to the time scale t. When t and τ denote natural time and usage time respectively, ξ can represent usage rate. The relevant illustration about usage rate can be referred to [23] , [27] . In order to describe the uncertainty of usage rate during the operation process, it is assumed that ξ follows a normal distribution, i.e., ξ ∼ N µ ξ , σ 2 ξ . Of course, other distributions such as Gamma distribution and t distribution can be utilized to describe the ratio relationship between the two time scales.
Remark 1: The above quantitative relation is not required to satisfy the relationship of mutual inclusion for these two time scales, such as the total driving time and mileage for car mentioned in the problem description. The two time scales can also utilize Eq. (20) to describe the relationship between each other.
Thus, f |M 2 (τ |M 2 ) and f k |M 2 (η k |M 2 ) follows the normal distribution, which can be formulated as respectively:
As such, the PDF of life with bivariate time scales can be obtained by substituting Eq.(18) and Eq.(21) into Eq.(9), while the PDF of RUL with bivariate time scales can be obtained by substituting Eq. (19) and Eq. (22) into Eq.(10). On this basis, according to the relationship between joint probability distribution and marginal probability distribution in probability theory, we can obtain the marginal distribution on a certain time scale. Furthermore, the life and RUL distribution of equipment under a single time scale can be determined. Specifically, by calculating the marginal distribution over T and L k , the PDF of life and RUL under time scale t can be represented as respectively:
Remark 2: When t and τ represent the natural time and usage time of nonlinear degraded equipment, the above two equations can represent the distribution of the natural life and RUL considering the influence of usage period on the degradation process.
Similarly, by calculating the marginal distribution over and k , the PDF of life and RUL under time scale τ can be represented as respectively:
Remark 3: When t and τ represent the natural time and usage time of nonlinear degraded equipment, the above two equations can represent the distribution of the operating life and RUL considering the influence of natural period on the degradation process.
The derivation process in this section is implemented based on the known parameter estimation results. By introducing the parameter estimation results into the life and RUL distribution, the life and RUL prediction for the nonlinear degraded equipment with bivariate time scales can be realized. However, the parameters are required to be estimated and updated according to historical test data and online monitoring data in practice. Hence, the problem of parameter estimation will be researched in section IV.
IV. PARAMETER ESTIMATION A. THE SCALE RELATION PARAMETERS ESTIMATION
In practical engineering, it is general to evaluate the health status and life information of equipment based on the operation of historical equipment. In this section, we mainly use MLE to estimate the scale relation parameters in Eq. (20) . It is assumed that there are N groups of nonlinear degraded equipment with bivariate time scales, and the monitoring time for the n th group of nonlinear degraded equipment can be represented as (t n , τ n ) = t n,1 , τ n,1 , t n,2 , τ n,2 , . . . t n,m n , τ n,m n . m n is the total monitoring number of times for the n th group of nonlinear degraded equipment, and n = 1, 2, . . . , N . According to the relationship between two time scales, the corresponding scale relation parameter can be calculated by using the monitoring time of the specific equipment, that is,
where, ξ n,j denotes the scale relation parameter at j th monitoring time for the n th group of equipment, j ∈ [1, m n ] and j ∈ N + .
Owing to the assumption that ξ follows a normal distribution, the hyper-parameters of its distribution are mean µ ξ and variance σ 2 ξ . Therefore, MLE can be adopted to estimate the scale relation parameters µ ξ , σ 2 ξ after obtaining a series of ξ n,j . The estimated results can be written as:
B. THE DEGRADATION PARAMETERS ESTIMATION
For sake of estimating the degradation parameters, we develop a parameters estimation method based on MLE method utilizing the degradation data, and the degradation parameters required to be estimated can be recorded as
Let the complete degradation data for the n th group of nonlinear degraded equipment can be denoted by x T n = x n,1 , x n,2 , . . . , x n,m n , and the complete degradation data for all nonlinear degraded equipment can be represented as x = x T 1 , x T 2 , . . . , x T N . On the basis of the nonlinear degradation model with bivariate time scales defined in Eq.(4), the degradation level at j th monitoring time for the n th group of equipment can be denoted by: X t n,j , τ n,j = x 0,n + λ 1,n t n,j 0 µ (r, θ 1 )dr + σ B B t n,j +λ 2,n τ n,j 0 µ (r, θ 2 )dr + σ W W τ n,j (30) where, x n,j = X t n,j , τ n,j . λ 1,n and λ 2,n are the realizations of independent and identical distribution for λ 1 and λ 2 . To simplify symbols and facilitate derivation, the nonlinear drift function with bivariate time scales can be respectively recorded as:ϕ 1 (t, θ 1 ) and ϕ 2 (τ, θ 2 ), i.e., ϕ 1 (t, θ 1 ) = t 0 µ (r, θ 1 )dr, ϕ 2 (τ, θ 2 ) = τ 0 µ (r, θ 2 )dr. Eq.(30) can be further expressed as: X t n,j , τ n,j = x 0,n + λ 1,n ϕ 1 t n,j , θ 1 + σ B B t n,j +λ 2,n ϕ 2 τ n,j , θ 2 + σ W W τ n,j (31) Let T n = ϕ 1 t n,1 , θ 1 , ϕ 1 t n,2 , θ 1 , . . . , ϕ 1 t n,m n , θ 1 T , n = ϕ 2 t n,1 , θ 2 , ϕ 2 t n,2 , θ 2 , . . . , ϕ 2 t n,m n , θ 2 T , I = [1, 1, · · · ,1] T , I ∈ R m n ×1 . Because of the independent incremental characteristics of the diffusion process, it is obvious that x n follows a multidimensional normal distribution, i.e., x n ∼ MVN µ n , n , where, µ n = x 0,n I +µ λ 1 T n +µ λ 2 n , n = n +σ 2
Thereby, the log-likelihood function of the complete degradation data for all the equipment can be expressed as:
To maximize the log-likelihood function, taking the partial derivatives of the log-likelihood function with respect to µ λ 1 and µ λ 2 respectively yields:
Let the above partial derivatives be zero, and we can obtain the estimated results for µ λ 1 and µ λ 2 as, (35 ) , we can obtain the MLE for µ λ 1 and µ λ 2 . It is noted that the ''Fminsearch'' function in MATLAB software is used to optimize the log-likelihood function for the multidimensional search method in this section.
C. THE ONLINE UPDATING OF STOCHASTIC PARAMETERS
Considering the comprehensive effect of internal and external factors in the operation process, the degradation process among different individuals for the same batch equipment will exhibit heterogeneity in performance. For different degradation equipment, the stochastic parameters will fluctuate in a certain range, so it is necessary to estimate the hype-parameters of the stochastic parameters adaptively according to the online measured data. In this section, the offline estimation results of stochastic parameters are served as the initial values, and the Kalman filtering algorithm is used to update the stochastic parameters online, which can ensure the estimation accuracy of stochastic parameters.
In order to reflect the stochastic nature of parameters at different times, the updating mechanism of stochastic parameters can be represented as λ 1,k = λ 1,k−1 and λ 2,k = λ 2,k−1 . The corresponding state-space model can be described as:
where, λ 1,k and λ 2,k represent the instantaneous degradation rates at k th step under the time scale t and τ respectively.
x k represents the variation of degradation level between the (k + 1) th monitoring time and k th monitoring time.
Considering the non-observability of λ 1 and λ 2 , these two variables can be regarded as the implicit variables in the state space, thus the state-space equation can be further written as:
Since the state space equation in Eq.(38) is a linear model, it is natural to consider Kalman filtering technique to estimate the stochastic parameters online. To do so, the variations of degradation level for neighboring detection up to (k + 1) th monitoring time can be denoted by Y 1:k = [y 1 , y 2 , . . . , y k ], and the expectation and covariance matrix of λ k based on Y 1:k can be defined as respectivelyλ k|k = E (λ k |Y 1:k ) and P k|k = cov (λ k |Y 1:k ). Accordingly, define the expectation and covariance matrix of one-step-forward prediction asλ k|k−1 = E (λ k |Y 1:k−1 ) and P k|k−1 = cov (λ k |Y 1:k−1 ).
The specific implementation process of the algorithm is summarized as follows to update the stochastic parameters based on the above definition.
Step 1 Initialization:
The MLEs for the parameters in Section IV.B are regarded as the initial values of Kalman filtering, that is,
Step 2 State Estimation
Step 3 Covariance Matrix Updating:
It is noted that the estimated results of λ k can be recorded asλ T k|k and the updated covariance matrix can be recorded as P k|k . It can be observed that the hype-parameters of the stochastic parameters can be updated online once the new monitoring data is available, which can guarantee that the estimated results of the stochastic parameters contain the effective information in the monitoring data. Furthermore, λ T k|k and P k|k are incorporated into Eq.(18) and Eq.(19), hence, we can achieve the adaptive prediction of life and RUL with bivariate time scales.
In order to understand such process, the flowchart of the proposed method is provided in Fig.1. From Fig.1 , it can be found that the whole process can be divided into two stage, i.e., offline stage and online stage.
V. ILLUSTRATIVE APPLICATION
In this section, we provide two illustrative applications including a numerical study and a case study of gyroscopes to verify the effectiveness of the RUL prediction method for the nonlinear degraded equipment with bivariate time scales. The power function form is selected as the nonlinear form. 
A. NUMERICAL STUDY
To implement the numerical example, it is necessary to set the parameters in the defined models firstly, which can be listed in the Table 1 . Based on the setting values, we can generate ten simulated trajectories with bivariate time scales for parameters estimation and RUL analysis. The ten simulated trajectories under different time scales can be depicted in Fig.2 . The corresponding failure threshold can be set as w = 50. When the performance indicator exceeds the predefined threshold, it is considered that the equipment will fail in executing specific tasks.
Utilizing the time scales data in Fig.2 , we can obtain the scale relation parameters by MLE method. Accordingly, the performance indicators data in Fig.2 can be used to estimate the degradation parameters. The estimated results for the scale relation parameters and the degradation parameters are listed in the following table. Through comparing Table 1 with Table 2 , it can be found that most of the estimated values are close to the true values, which demonstrates the correctness of parameter estimation method to a certain extent. Furthermore, we can obtain the PDF of life with bivariate time scales based on the estimated results for parameters. The corresponding PDF curve of life with bivariate time scales is shown in Fig.3 . The major difference of PDF under bivariate time scales and that under single time scale in Eq. (7) lies that the former considers the stochastic relationship between the two time scales.
The stochastic parameters can be updated online according to the Kalman filtering algorithm, thus the PDF of RUL under a single time scale can be determined adaptively utilizing the estimated results of the parameters based on the Eq.(24) and Eq. (26) . To compare the prediction effects of the proposed method with that of other method, the nonlinear degradation modelling with single time scale defined in Eq.(1), i.e., M 1 is applied to predict the RUL. It can be intuitively observed in Fig.4(a) and Fig.4(b) that the PDF curves of these two models can cover most of the true RULs. Nevertheless, the predicted RULs of M 2 are more approaching the true RULs than that of M 1 . All the predicted RULs of M 1 are less than the true RULs, which means that M 1 tends to underestimate the RUL, especially in the initial stage of degradation. This is because the information of degradation and life under the time scale τ is ignored. Meanwhile, in the late stage of degradation, the accuracy of the RUL for the two models is approximately identical. The same conclusion can be drawn from Fig.5(a) and Fig.5(b) . Hence, the proposed model is superior to the nonlinear degradation modelling with single time scale for RUL analysis.
In order to further compare the prediction effect of M 1 and M 2 quantitatively, the mean squared error (MSE) is introduced as an evaluation indicator, which can fully consider both the accuracy and uncertainty of prediction. The mathematical expression can be expressed as [35] :
where, l k represents the true RUL under the time scale t, and f L k |M i (l k |M i ) is the PDF of the RUL under the time scale t for M 1 or M 2 . In general, when the RULs are tightly distributed around the true RUL, the MSE of prediction is smaller. The MSE comparisons of two models under the time scale t and τ are provided in Fig.6 and Fig.7 respectively. From Fig.6 and Fig.7 , we can find that MSEs of RUL prediction by M 2 are smaller than those by M 1 , which further verifies the effectiveness and superiority of the proposed model. With the passage of time, MSE curve exhibits a downward trend, which means that the prediction effect is getting better and better. This is because the parameters of the model are more and more accurate when obtaining more degradation data. In addition, considering the influence of the two scales on the degradation process and the stochastic relationship between the two scales can dramatically improve the predicting effect of RUL for equipment with bivariate time scales.
B. PRACTICAL CASE
Gyroscope, as an important part of inertial navigation system, is mainly used to measure the angular velocity information VOLUME 7, 2019 of the system. Therefore, gyroscope has a wide application space in the aerospace fields, such as missiles, rockets, aircraft and so on. Due to the combined effect of internal and external environment (corrosion, creep, etc.), the performance of gyroscope will degrade slowly, which mainly reflects in the continuous increase of gyroscope drift coefficient. When it increases to a certain extent and exceeds a certain threshold, the gyroscope will be difficult to satisfy the requirements of use, and then it can be considered that the gyroscope has failed. In order to ensure safety and reliability, the gyroscope is usually tested periodically or irregularly. Power-on monitoring usually accelerates the degradation of gyroscope, so accumulative monitoring time can be regarded as an important technical index to describe the life of gyroscope in engineering. Considering the economic and practical factors, the on-line monitoring is usually carried out irregularly, that is, the monitoring interval is unequal.
In this paper, six groups of historical monitoring data of gyroscopes provided in [30] are used to validate the proposed model. According to the literature, the historical test data mainly includes two time scales: natural time scale and monitoring time scale. It should be noted that the gyroscope is usually placed in a high-speed environment of about 3600 r/min and high temperature environment of 75 • during the monitoring process. Fig.8 depicts the gyroscope drift data under two time scales. From the figure, it can be seen that the monitoring interval of gyroscope is not equal, and the duration of each monitoring is not fixed. To some extent, the stochastic relationship between two time scales in this paper is reasonable. It is noted that the research object for RUL prediction in the practical case is Gyroscope #3.
Utilizing the gyroscope drift data and time scales data, we can estimate and update parameters of the nonlinear degradation model with bivariate time scales by MLE method and Kalman filtering algorithm. After that, the PDF of the RUL under a single time scale can be obtained adaptively based on the Eq.(24) and Eq. (26) . The linear degradation model with bivariate time scales in [30] is introduced to implement the further comparison with the proposed model. To facilitate the comparison, the linear degradation model with bivariate time scales in [30] is recorded as M 3 . The PDF of RUL under the natural time scale utilizing M 2 and M 3 is presented in Fig.9 , and the PDF of RUL under the monitoring time scale utilizing M 2 and M 3 is presented in Fig.10 .
As shown in the Fig.9-10 , it can be found that all the PDF curves of the RUL can cover the true RULs, indicating that these two models are scientific and reasonable for predicting the RUL of gyroscopes. However, the RULs obtained by the two models are different in the aspects of uncertainty and accuracy. Specifically, the dispersion degree of PDF for the two models under the natural time scale is similar as a whole. As for the monitoring time scale, the dispersion degree of PDF for the two models in the early detection stage is similar, and the PDF obtained in the later detection stage for M 3 is more dispersed. In addition, compared with M 3 , the proposed model has a wider scope of application, and can update the parameters adaptively. Thus, the predicted RULs by the proposed model are closer to the true RULs under two time scales. Similarly, the MSE defined in Eq.(44) is utilized to quantitatively evaluate the prediction effects.
It can be observed in Fig.11-12 that all the MSEs of RUL prediction by M 2 are smaller than those by M 3 under two time scales, especially at the 6th inspection point under the natural time scale and at the 3th inspection point under the monitoring time scale. This implies that the proposed model is superior to M 3 in the practical application and parameters updating. Moreover, the MSE curve shows a gradual decreasing trend overall. At the 8th inspection point, the MSE values the under the natural time scale and monitoring time scale by M 2 are 22.99 and 0.82 respectively. Thus, the proposed model can guarantee the prediction effect of RUL for gyroscope.
VI. CONCLUSION
A RUL prediction method for nonlinear degraded equipment with bivariate time scales is proposed in this paper. Firstly, we construct the nonlinear degradation modelling with bivariate time scales utilizing the diffusion process. The relationship between the two scales is quantitatively depicted by stochastic proportional coefficient, and then the analytical expressions of life and RUL for nonlinear degraded equipment are derived under the concept of FPT. The model parameters are estimated and updated by MLE and Kalman filtering algorithm. Finally, the proposed model is validated by a numerical study and a case study of gyroscopes. It is noted that the proposed model has obvious advantages. On the one hand, the degradation model with bivariate time scales can be applicable to the nonlinear cases without the linearization operation since the characteristic of the diffusion process. On the other hand, the stochastic parameters can achieve online updating, which can ensure the accuracy of model parameters and RUL.
The work in the paper is just a pilot study, and much more future research should be paid attention in this area. Firstly, one natural extension is to consider the non-Gaussian case of the stochastic parameters in the nonlinear degradation modelling. Secondly, there may exist the discrete time scales and continuous time scales simultaneously in practical engineering. Thus, the research on how to construct the degradation modelling with the bivariate time scales and describe the relationship between the discrete time scales and continuous time scales should be focused on. Thirdly, the nonlinear degradation modelling with multiple time scales should become the research direction in the future.
APPENDIX PROOF OF THEOREM 1
According to the defined nonlinear degradation model with bivariate time scales, the degradation level for equipment at (t k , τ k ) can be represented as: 
